We give examples of vertex-transitive graphs with non-monotonic chromatic difference sequences, disproving a conjecture of Albertson and Collins on the monotonicity of the chromatic difference sequence of vertex-transitive graphs, and answering a question of Zhou on the achievability of circulants.
Introduction
The chromatic difference sequence of a graph G is the sequence (β 1 (G), . . . , β χ(G) (G)) such that β k (G) = α k (G) − α k−1 (G), where α k (G) is the maximal size of an induced k-colourable subgraph of G and χ(G) is the chromatic number of G. In [1] , Albertson and Collins conjectured that any vertex-transitive graph has a non-increasing chromatic difference sequence. A related problem of Zhou [12] asks if every circulant G is achievable, i.e., admits a colouring with colour classes C 1 , . . . , C χ(G) such that |C k | = β k (G) for k = 1, . . . , χ(G). It is easily seen that any achievable graph has a nonincreasing chromatic difference sequence, but the converse fails. However, note that the class of circulants involved in Zhou's problem is a restricted class of vertex-transitive graphs.
The purpose of this note is to provide an example of a circulant with a non-monotonic chromatic difference sequence. We use the following standard graph products: The categorical product of two graphs G and H is the graph G × H, where
The lexicographic product of G and H is the graph G[H], where
Let C n and K n denote respectively the n-cycle and the complete graph on n vertices. Our main result is the following:
is a circulant with chromatic difference sequence (36, 36, 36, 36, 31, 35).
As we shall see, the expression of C 7 [C 5 ] as a lexicographic product is no more than a convenient device for computing the chromatic difference sequence of C 7 [C 5 ] × K 6 . However, the use of the categorical product of graphs is a key instrument in the construction of vertex-transitive graphs with non-monotonic chromatic difference sequences. Its role can be explained as follows: Since both projections of G × H onto its factors are homomorphisms (i.e., edge-preserving maps), the inverse image of any k-colourable subgraph in some factor is again k-colourable, so we have
By analogy with Hedetniemi's conjecture [7] , we may ask when does equality hold. The computation outlined in section 3 shows that this is indeed the case for the graph C 7 [C 5 ] × K 6 . Note however that the monotonicity of the sequences (α k (G) − α k−1 (G)) k≥1 and (α k (H) − α k−1 (H)) k≥1 does not guarantee the monotonicity of the sequence
Cayley graphs and graph products
Let A be a group and S a subset of A that is closed under inverses and does not contain the identity. The Cayley graph Cay(A, S) is the graph with A as its vertex set, two vertices u and v being joined by an edge if and only if u −1 v ∈ S. If A is a cyclic group, then Cay(A, S) is called a circulant. It is well known that the left translations of the group A are automorphisms of the Cayley graph Cay(A, S). So, Cayley graphs are vertex-transitive.
Both the lexicographic product and the categorical product preserve vertex-transitivity. Note also that these products preserve Cayley graphs. More precisely, for two Cayley graphs Cay(A, S) and Cay(B, T ), we have
In particular, C 7 , C 5 and K 6 are Cayley graphs on cyclic groups of relatively prime order, so we have the following:
Writing C 7 [C 5 ] × K 6 as the Cayley graph Cay(Z 7 × Z 5 × Z 6 , S) by means of the above identities, and then expressing the members of S as multiples of (1, 1, 1) provides a presentation of C 7 [C 5 ] × K 6 as a Cayley graph on Z 210 . However, the product notation provides a far more intuitive description of the structure of the graph. In fact, the expression of C 7 [C 5 ] × K 6 as a Cayley graph does not help in the computation of its chromatic difference sequence, except for one useful property of abelian Cayley graphs described in the following lemma.
Lemma 3 [2, 12] Let Cay(A, S) be a Cayley graph, where A is an abelian group. If I is an independent set in Cay(A, S) and K is a complete subgraph of Cay(A, S), then the sets aI, a ∈ K, are pairwise disjoint independent sets. In particular,
. . , ω(Cay(A, S)) (the clique number of Cay(A, S)).
We now turn our attention to graph products. The main feature of the categorical product with respect to colourings and homomorphisms is its universal property in the category of graphs. Thus, a graph K admits a homomorphism into G ×H if and only if it admits homomorphisms into both G and H. From this we see that ω(G×H) = min{ω(G), ω(H)}. On the other hand, colourings arise from homomorphisms from G × H to complete graphs, and are much less predictable. Such homomorphisms can be constructed by first mapping the product to one of its factors, then mapping this factor to a complete graph, but other constructions are also possible. A case in point is the (still unsolved) conjecture of Hedetniemi [7] which asserts that χ(G × H) = min{χ(G), χ(H)}. Similarly, it is not clear how to deduce the chromatic difference sequence of G × H from its factors.
The general behaviour of independent sets and colourings with respect to the lexicographic product of graphs is much better understood (see [6] ): The sets π
is independent if and only if π G (I) is an independent set of G and I intersects each fiber in an independent set. In particular,
Note also that the structure of independent sets just described provides the obvious bound χ(
for the chromatic number of a lexicographic product of graphs, but we must also take into account more efficient colourings that possibly exist. Let K be an induced k-colourable subgraph of G[H] and φ : K → {1, . . . , k} a colouring. Then we can define a map Φ : G → P({1, . . . , k}), by taking as Φ(u) the set of colours used for K ∩ π To colour all vertices of G[H], we need χ(H) colours for each fiber, and adjacent fibers must be assigned disjoint sets of colours. This motivates the following definition (see [9, 10] 
With this lemma, it is easily seen that χ(C 7 [C 5 ]) = 7. Also, by (2), we have
does not contain five disjoint independent sets of size 6. For if I 1 , . . . , I 5 are such sets, then by the pigeonhole principle, for some u ∈ V (C 7 ), we have
(u)| = 2 for at least three values of k. The reader can easily complete the computation of the chromatic difference sequence of C 7 [C 5 ], which is (6, 6, 6, 6, 5, 3, 3). Also, K 6 is a 6-chromatic graph with chromatic difference sequence (1, 1, 1, 1, 1, 1) , so that by (1), the best lower bounds for the values
Notice that the roles of C 7 [C 5 ] and K 6 are interchanged in inequalities (3) and (4) above. The non-monotonic sequence given in the statement of Theorem 1 is obtained by assuming that these bounds are sharp. The verification of this last condition is given in the next section.
Proof of Theorem 1
Our investigation of large independent sets in C 7 [C 5 ] × K 6 is simplified by the fact that the second factor is a complete graph. Indeed, we have the following:
is a complete bipartite graph minus a perfect matching.
Corollary 6 Let
For an independent set I of C 7 [C 5 ] × K 6 , put
We then have |I| ≤ 6 · |A I | + |B I |. Also, A I is an independent set in C 7 [C 5 ], and no vertex of B I is adjacent to any vertex of A I . The investigation of sets satisfying this relationship is again simplified by the structure of C 7 [C 5 ] as a lexicographic product: Since A I is an independent set, π C 7 (A I ) is an independent set of C 7 . If |π For all of these, the set B I is connected, so there exists a vertex u of K 6 such that
¿From this, the reader can easily verify that if I and J are anticliques with at least 32 vertices, then
• if |A I | = 6 and |A J | = 0, then |A I ∩ B J | = 6, so |I ∪ J| ≤ 65;
• if |A I | = 6 and |A J | = 2, then |A I ∩ B J | ≥ 2, so |I ∪ J| ≤ 66.
However, since |G| ≥ 176, we must have |I i ∪ I j | ≥ 68 for 1 ≤ i < j ≤ 5. So, the sets A I 1 , . . . , A I 5 must be pairwise disjoint. Also, since |A I 1 | = 6, we have |A I j | = 0, 1, 2, 3 for j = 2, 3, 4, 5.
Since C 7 [C 5 ] does not contain five pairwise disjoint independent sets of size 6, we cannot have |A I j | = 6 for all indices j. So, we may assume that |A 
Concluding remarks and problems
The preceding section featured a technical argument used to compute the chromatic difference sequence in one instance of a categorical product of graphs. However, the following general question seems worthy of further study:
Problem 1 Does the identity
always hold for vertex-transitive graphs?
Note that the answer is negative if the condition of vertex-transitivity is dropped. Also, a positive answer would imply the validity of the Hedetniemi conjecture for vertex-transitive graphs.
In another direction, it is worthwile to discuss the role of the categorical product in the construction of vertex-transitive graphs with non-monotonic chromatic difference sequences. ¿From an algebraic point of view, the effect of the categorical product is to introduce some classes of imprimitivity in the group action on the graph. Recall that a graph is called primitive if there is no partition of the vertex set that is preserved by all automorphisms. So, the following question arises:
Problem 2 Do all primitive graphs have monotonic chromatic difference sequences?
In this connection, the case of the Kneser graphs defined just before Lemma 4 is interesting. The independence numbers of Kneser graphs are related to well-known inequalities on systems of sets: By the Erdős, Ko, Rado inequality [3] , we have α 1 (K(r, s)) = ( s−1 r−1 ), and the Hilton, Milner inequality [8] shows that the only independent sets of this size in K(r, s) are the sets I j = {A ∈ V (K(r, s)) : j ∈ A} for j = 1, . . . , s. So, the removal of any independent set of maximal size in K(r, s) leaves a subgraph isomorphic to K(r, s − 1). Thus, a plausible guess for α 2 (K(r, s)) is ( 
holds for all k ≤ s − 2r + 1, in relation to the then unsolved conjecture of Kneser. This conjecture which asserts that χ(K(r, s)) = s − 2r + 2 was later proved by Lovász [9] . The identity 6 holds if and only if the Kneser graphs are achievable, but this was shown to be false (see [4, 5] ). Now the Kneser graphs are all primitive, and it would be nice to know if their chromatic difference sequence is at least monotonic.
Finally, note that the example presented here is 6-chromatic. With the help of Lemma 3, it is easily seen that any 3-chromatic Cayley graph on an abelian group has a nonincreasing chromatic difference sequence. However, there exist 3-chromatic vertex-transitive graphs with non-monotonic chromatic difference sequences. In [11] , we show that the graphs K(2k, 5k) × K 3 , k ≥ 2 have this property. So, it would be interesting to settle the case of circulants with a low chromatic number.
Problem 3 Are all 3-chromatic circulants achievable, and do there exist 4-chromatic circulants with non-monotonic chromatic difference sequence?
